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Course Abstract

The last �ve years have seen a profusion of innovative soluti ons to one of the most
challenging tasks in character synthesis: hair simulation. This class covers both
recent and novel research ideas in hair animation and rendering, and presents time
tested industrial practices that resulted in spectacular imagery.

The course is aimed at an intermediate level and addresses the special-effects
developers and technical directors who are looking for innovation as well as proven
methodologies in hair simulation. The audience will get a good grasp of the state
of the art in hair simulation and will have plenty of working solutions that they can
readily implement in their production pipelines. The course will also be a boot-
camp for aspiring computer graphics researchers interested in physically based
modeling in computer graphics.

The class addresses the special-effects developers and technical directors who
are looking for innovation as well as proven methodologies in hair simulation.
The audience will get a good grasp of the state of the art in hair simulation and
will have plenty of working solutions that they can readily implement in their
production pipelines. The class will also be a boot-camp for aspiring computer
graphics researchers interested in physically based modeling.

The class covers two crucial tasks in hair simulation: animation and rendering.
For hair animation, we �rst discuss recent successful model s for simulating the dy-
namics of individual hair strands, before presenting viable solutions for complex
hair-hair and hair-body interactions. For rendering, we address issues related to
shading models, multiple scattering, and volumetric shadows. We �nally demon-
strate how hair simulation techniques are nowadays developed and applied in the
feature �lms industry to produce outstanding visual effect s.

Prerequisites: Familiarity with fundamentals of computer graphics, physical
simulation and physically based rendering is strongly recommended but not manda-
tory. Understanding of numerical linear algebra, differential equations, numerical



methods, rigid-body dynamics, collision detection and response, physics-based
illumination models, �uid-dynamics would be a plus.

Target audiences include special effects developers, technical directors, game
developers, researchers, or any one interested in physically based modeling for
computer graphics.
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Introduction

Virtual Hair: Motivations & Challenges

Hair is an essential element for the plausibility of virtual humans. It was however
neglected for tenths of years, being considered as almost impossible to animate
both ef�ciently and with some visual realism. Virtual chara cters were thus mainly
modelled with short, rigid hair, represented by a plain surface, or sometimes with a
pony-tail represented by a generalized cylinder with around some simple dynamic
skeleton (such as a chain of masses and springs). Recently, modelling, animating,
and rendering realistic hair has drawn a lot of interest, and impressive new models
were introduced. This course presents these advances and their applications in
recent productions. For a full state of the art on the domain, the reader should
refer to [WBK+07].

1. Nature of hair and challenges

The great dif�culty in modelling and animating realistic ha ir comes from the com-
plexity of this speci�c mater: human hair is made of typicall y 100 000 to 200 000
strands, whose multiple interactions produce the volume and the highly damped
and locally coherent motion we observe. Each hair strand is itself an inextensible,
elastic �bre. As such, it tends to recover its rest shape in te rms of curvature and
twist when no external force is applied. Hair strands are covers by scales, mak-
ing their frictional behaviour, as well as the way they interact with light, highly
anisotropic. Lastly, the ellipticity of their cross-section � which varies from an
elongated ellipse for African hair to a circular shape for Asian hair � is responsi-
ble for the different kinds of curls, from quasi-uniform curliness to the classical
European locks, quite straight at the top but helicoidal at the bottom.

Reproducing these features in virtual is clearly a challenge. A typical example
is the number of interactions that one would have to process at each time step, if
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a naive model for hair was used, with the extra dif�culty of pr eventing crossing
between very thin objects. Even if these interactions, though responsible for most
of the emerging behavior of hair, were neglected, a full head of 100 000 hair would
still be dif�cult to animate in a reasonable computational t ime [SLF08].

2. From individual strands to a full head of hair: elements of
methodology

Most hair models proposed up to now use a speci�c methodology to cope with
the complexity of hair, in terms of the number of strands: they simulate, at each
time step, the motion of a relatively small number of guide strands (typically, a
few hundreds), and use either interpolation or approximation to add more strands
at the rendering stage. See Figure 1. More precisely, three strategies car be used
for generalizing a set of guide strands to a full head of hair :

1. Using the hypothesis that hair is a continuous set of strands, one can inter-
polate between three guide strands which are neighbours of the scalp; this
works well for straight, regular hair styles;

2. One can on the opposite add extra stands around each guide strand to form
a set of independent wisps; This has proved successful for curly hair for
which hair clustering is more relevant;

3. A hybrid strategy, which consists in interpolating between guide strands
near the scalp while extrapolating to generate wisps at the bottom of hair,
was introduced recently [BAC+06]. This has the advantage of capturing the
aspect of any type of hair.

Using this methodology, the main challenges in terms of animation are to �nd
good models for animating individual strands, and then modify their dynamics to
take into account the interactions that would take place in the corresponding full
head of hair.

3. Overview

The contents of the course notes is organized as follows: chapter 1 �rst presents
and compares the models for animating individual strands. Chapter 2 deals with
the generalization to a full head of hair by reviewing the different methods for pro-
cessing hair interactions. Chapter 3 presents recent multiresolution schemes for
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Figure 1: Animating guide strands (left). More hair strands are added before
rendering, using methods that range from interpolation to approximation (right,
from [BAC+06]).

computing the geometry and dynamics of hair at interactive frame rates. Chapter 4
is devoted to the important problem of hair rendering. Finally, chapter 5 presents
the current hair models used in the feature �lm industry to pr oduce outstanding
visual effects.
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Course Syllabus

Introduction. Virtual Hair: motivations and challenges (Marie-Paule Cani)
Hair is essential towards realistic virtual humans. However, it can be con-

sidered as one of the most challenging material to be modeled, being made of a
huge number of individual �bers which interact both mechani cally and optically.
This talk presents the basic methodology for generating a full head of hair from a
reasonable number of animated strands and introduces the main problems in hair
animation and rendering which will be developed in this class.

Session 1. Dynamics of Strands

Oriented Strands � a versatile dynamic primitive (Sunil Hadap)
The simulation of strand like primitives modeled as dynamics of serial branched

multi-body chain, albeit a potential reduced coordinate formulation, gives rise to
stiff and highly non-linear differential equations. We introduce a recursive, linear
time and fully implicit method to solve the stiff dynamical problem arising from
such a multi-body system. We augment the merits of the proposed scheme by
means of analytical constraints and an elaborate collision response model. We
�nally show how this technique was successfully used for ani mating ears, foliage
and hair in the feature productions Shrek The Third and Madagascar.

Super Helices � dynamics of thin geometry (Florence Bertails)
We introduce the mechanical model based on Super Helix. This model is

de�ned as a piece-wise helical rod, and can represent the ess ential modes of de-
formation (bending and twisting) of a strand, as well as a complex rest geometry
(straight, wavy, curly) in a very compact form. We develop the kinematics of
the model, as we derive the dynamic equations from the Lagrange equations of
motion. Finally, we provide a rigorous validation for the Super Helix model by
comparing its behavior against experiments performed on real hair wisps.
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Session 2: Hair-obstacle and Hair-hair Interaction

Strategies for hair interactions (Marie-Paule Cani)
This talk presents the two main approaches developed to tackle hair interac-

tions: the haircontinuum methods, which generate forces that tend to restore the
local density of hair, possibly in real time; and the methods based on pair-wise in-
teractions between hair clusters. The latter raise the problem of ef�cient collision
detection, leading to solutions which either adapt the number of hair clusters over
time or exploit temporal coherence. We also discuss the generation of adequate,
anisotropic response forces between wisp volumes.

Multi-resolution hair-hair and hair-obstacle interaction (Ming Lin, Kelly
Ward)

We present novel geometric representations, simulation techniques, and nu-
merical methods to signi�cantly improve the performance of hair dynamics com-
putation, hair-object and hair-hair interactions. These approaches focus on bal-
ancing visual �delity and performance to achieve realistic appearance of animated
hair at interactive rates. In addition, we discuss application and system require-
ments that govern the selection of appropriate techniques for interactive hair mod-
eling.

Session 3 : Hair Rendering (Steve Marschner)
In this session, we cover the state-of-the-art in hair rendering. We present

a comprehensive yet practical theory behind physically based hair rendering, in-
cluding light scattering through hair volume and self-shadowing, and provide ef-
�cient algorithms for solving these issues.

Session 4 : Hair Simulation in Feature Productions

Hair Simulation at Walt Disney Animation Studios (Kelly Ward)
We present hair simulation techniques and work-�ows used in production on

the up-coming animated feature Bolt.

Hair Simulation at ILM (Zoran Ka�ci·c-Alesi·c)
We provide an overview of hair and strand simulation techniques used in

the production environment at ILM. Examples include highly dynamic long hair
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(Vampire Brides in Van Helsing), full body medium length fur (werewolves, wolves,
Wookies in Van Helsing, The Day After Tomorrow, and Star Wars Episode 3), dig-
ital doubles (Jordan in The Island and Sunny in Lemony Snicket’s A Series of Un-
fortunate Events), articulated tentacles simulations (Davy Jones in Pirates of the
Caribbean 2 and 3), as well as recent examples from The Spiderwick Chronicles
and Indiana Jones and the Kingdom of the Crystal Skull. Commonalities between
hair, cloth, �esh, and rigid body simulations are explored, along with situations in
which they can be used together or interchangeably.

Hair Simulation at Rhythm and Hues (Tae-Yong Kim)
Since the old Polar bear commercial, hair simulation techniques at Rhythm

and Hues Studios have experienced dramatic changes and improvements over last
decade. In this presentation, we provide an overview of hair simulation techniques
used in R&H, including short hair/fur (gar�eld , alvin and the chipmunks), medium
hair/fur (The Chronicles of Narnia, The Night at the Museum) and more human-
like long hair (The Incredible Hulk). We also provide a brief description of the
new mass spring simulation system we developed over past couple of years.

Session 5 : Questions and Discussions
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Chapter 1

Dynamics of Strands

Sunil Hadap, Florence Bertails, Basile Audoly, Marie-Paule Cani

1.1 Introduction

Realistic hair simulation is one of the most dif�cult issues when animating vir-

tual humans. Human hair is a very complex material, consisting of hundreds of

thousands of very thin, inextensible strands that interact with each other and with

the body. Unlike solids or �uids, which have been studied for over a century and

well modeled by now classical equations, hair remains a largely unsolved problem

described by no well accepted model. Finding a representation that provides an

accurate simulation of hair motion remains a challenge.

Modeling hair dynamics raises a number of dif�culties. The very �rst one is due

to the fact that each individual strand has a complex nonlinear mechanical be-

havior, strongly related to the thinness of its cross section as well as its natural

shape: smooth, wavy, curly or fuzzy. In this chapter, after a brief report about

the mechanical structure and properties of hair strands, we present two innova-

tive models that allow to capture the main dynamic features of thin geometry.

The �rst model, called Oriented Strands, is based on a stable integration of serial

body dynamics, and nicely incorporates external constraints. The second model,

called Super-Helices, provides a compact high-order representation for a strand

of arbitrary geometry (straight, wavy, curly), and captures the essential modes of
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deformation of a real �ber; this model was strongly validated against experiments

made on real hair.

The dif�cult problem of interactions and contacts to be accounted for when simu-

lating a full head of hair, and the question of ef�ciency, will be adressed in chap-

ter 2 and chapter 3, respectively.

1.2 Hair structure and mechanics

Achieving realistic simulations of hair motion requires some understanding of hair

structure. This section gives a summary of the existing knowledge on individual

hair strands, mostly issued from the �eld of cosmetics. Further details can be

found in [LFHK88, Rob02].

A human hair �ber is a thin structure (about 0.1 mm in diameter) with either a

circular or oval cross section. The active part, called the follicle, is located under

the skin and produces the keratin proteins that compose the hair material. The

second part, the visible � and dead � part of hair, is called the hair shaft, and

corresponds to the �hair strand� we are seeking to animate.

The hair shaft is entirely synthesized by the associated follicle, which acts as a

mold for shaping the strand [LFHK88]. It thus has almost uniform cross sec-

tion, natural twist and natural curvatures all along. These geometric parameters

are associated with commonsense notions of straight, curly, or fuzzy hair. Their

values are characteristic of the ethnic group from which the hair comes [Rob02].

Africans have follicles with a helical form and an oval cross section, whereas

Asians have follicles that are completely straight with a larger and circular cross

section. As a result, Asian hair is thicker, with no natural curliness. It makes

it look smooth and regular. In contrast, African hair looks frizzy and irregular.

Caucasian hair stands between these two extremes.

The internal structure of the shaft consists of three concentric layers from the

core to the periphery: a central canal called medulla; the cortex, i.e. cells �lled

with keratin, contributing 90% of the total weight; and the cuticle, a thin coating

covered by tilted scales. Keratin is a remarkably stiff material, making the shaft

extremely dif�cult to shear and stretch. However, because its cross section is very

small, it can be easily bent and twisted.
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Figure 1.1: Left, close view of a hair �ber (root upwards) showing the cuticle

covered by overlapping scales. Right, bending and twisting instabilities observed

when compressing a small wisp.

Deformations of a hair strand involve rotations that are not in�nitely small and

so can only be described by nonlinear equations [AP07]. Physical effects arising

from these nonlinearities include instabilities called buckling. For example, when

a thin hair wisp is held between two hands that are brought closer to each other

(see Figure 1.1, right), it reacts by bending in a direction perpendicular to the

applied compression. If the hands are brought even closer, a second instability

occurs and the wisp suddenly starts to coil (the bending deformation is converted

into twist).

1.3 Oriented Strands: a versatile dynamic primitive

The simulation of strand like primitives modeled as dynamics of serial branched

multi-body chain, albeit a potential reduced coordinate formulation, gives rise to

stiff and highly non-linear differential equations. We introduce a recursive, linear

time and fully implicit method to solve the stiff dynamical problem arising from

such a multi-body system. We augment the merits of the proposed scheme by

means of analytical constraints and an elaborate collision response model. We

�nally discuss a versatile simulation system based on the strand primitive for

character dynamics and visual effects. We demonstrate dynamics of ears, braid,

long/curly hair and foliage.
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1.3.1 Introduction and Related Work

The simulation of ears, tails, braids, long wavy/curly hair, foliage, jewelry is pe-

culiar in nature. The �exible shape is characterized by a thin and long geom-

etry, which typically has a non-straight rest con�guration. The dynamics pre-

dominantly includes the bend and the torsional components, and very rarely the

length-wise stretch component. Even though being one-dimensional in nature,

the intricate rendering aspects of these primitives, along with potentially highly

anisotropic physical properties, demand a consistent/stable curvilinear coordinate

system all along the geometry. Here, we would like to present a versatile dy-

namic primitive that spans the stated characteristics and applications. We name

the system as Oriented Strands, to clearly convey the picularity to the user.

Cosserat Models discussed in [Rub00] and �rst introduced to computer graphics

community by [Pai02b] give an elaborate continuum theory behind the dynamics

of thin deformable objects such as strand and shells. The discrete approximation

of the strand model come strikingly close to the strand-as-serial-multi-body-chain

model, �rst proposed by [HMT01b, Had03]. Since then the paradigm is suc-

cessfully used for hair simulation by [CJY02b, CCK05b]. We too model strand

as serial chain of rigid segments connected by spherical joints. Previously, the

hair was typically modeled using mass-spring-hinge system, as individual hair

strands [RCT91a, AUK92a] or as wisps [PCP01b]. However, these models are

not effective in representing consistent coordinates and the twist dynamics. An

exhaustive overview of various hair simulation techniques is given in [Had03].

[Fea87] developed one of the �rst multi-body reduced coordinate formulations

that has a linear complexity. [Mir96, Kok04] further developed ef�cient and com-

prehensive impulse and constraint formulations to it. [RGL05b] extended the for-

mulation to achieve interesting sub-linear complexity, and also gives a thorough

overview of the other reduced coordinate formulations. [Bar96, Sha01] gives max-

imal coordinate formulations which also are known to have linear complexity us-

ing sparse-matrix solution methods. The typical multi-body system resulting from

the strand model, gives rise to �stiff� and highly non-linear differential equations.

The numerical dif�culties stem from small rotational inertia along the axis due to

thin geometry, large bend and torsional stiffness-to-mass-ratio and intricate non-

straight rest shape. The non-linearity is due to velocity terms corresponding to

Coriolis forces and the speci�c choice of the non-linear elastic model in our im-

plementation to limit unrealistic high deformations. These dif�culties call for
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an implicit integration scheme. Even though the reduced coordinate formulation

is ef�cient for multi-body systems with large number of segments and relatively

small number of DOFs, it is dif�cult to realize an implicit integration scheme, as

pointed out by [Had03]. Instead, [CCK05b] use a traditional maximal coordinate

formulation with (soft) constraints [Bar96, Sha01], followed by an implicit inte-

gration. Complex collision response models with static and dynamic friction can

be integrated into the maximal coordinate framework, with relative ease, using

impact and contact velocity constraints [CCK05b].

Nevertheless, the reduced coordinate formulation has certain advantages. The

generalized coordinates directly facilitate the parameterization for bending and

torsional stiffness dynamics. Further, they have the exact same form as the pa-

rameterization used in articulated character animation. Thus the rest shape of the

multi-body system can be conveniently de�ned in terms of some animated local,

e.g. a hairstyle can be de�ned in terms of the frame associated with the head

joint. Even the dynamics is often expressed in terms of successive local coordi-

nates starting from the base link. One can thus interpret the dynamic motion of the

strand as overall rigid-body transformation of the strand at the base link, followed

by secondary dynamics from the rest shape expressed in terms of successive local

frames. This paradigm gives a tremendous advantage in terms of overall simula-

tion work�ow. Typically the base link is constrained to an animation path. Using

the paradigm, it is trivial to kick-start the simulation from an arbitrary starting po-

sition and orientation of the base link. Moreover, certain concepts such as posable

dynamics, local dynamics, time-scale and zero-gravity rest shape make the strand

simulation system versatile. As discussed subsequently, they are often trivial to

realize in the paradigm of reduced coordinate formulation. Ultimately, the choice

of reduced coordinate formulation proved very rewarding for us.

The speci�c contributions of the methodology are as follows. In Section 1.3.2

and Section 1.3.3 we develop a linear time, implicit and fully recursive scheme

for reduced coordinate formulation of general branched open-chain multi-body

system, using Differential Algebraic Equations (DAE). In Section 1.3.4, we dis-

cuss how to realize external bilateral and unilateral constraints on the formulated

multi-body dynamics. We also discuss the numerical issues associated with the

solution of Linear Complementarity Problem (LCP) arising from the formulation.

In Section 1.3.5, we develop an elaborate collision response model with inelastic

impact and static/dynamic friction, using unilateral constraints. Finally, in Sec-

tion 1.3.6, we introduce the Oriented Strands system, implemented as dynamics

of serial multi-body chain. We develop some novel concepts and give important
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implementation details that makes the dynamic strand primitive versatile. In Sec-

tion 5.1, we present some illustrative examples of dynamics of ears, braid, hair

and foliage.

1.3.2 Differential Algebraic Equations

Typically, unconstrained dynamical problems such as cloth [BW98b] and general

deformable models are formulated as the following explicit Ordinary Differential

Equation (ODE) of degree two.

¤q = M�1Q(t;q; �q) (1.1)

Constrained dynamical problems such as dynamics of multi-body systems [Sha01,

Bar96] are formulated as the following semi-explicit ODE of degree two.

M(q) ¤q = Q(t;q; �q)�Fq
T l

F(t;q) = 0 (1.2)

where, M is generalized mass matrix. The force function Q and the constraint

function F are typically non-linear and �stiff�. In order to integrate the state vector

[ �qT ;qT ]Tt , in a traditional way, one can try and solve for the derivatives of the state

vector [ ¤qT ; �qT ]Tt+1, which often turns out to be complex. Fortunately, the direct

computation of derivatives is not the only way, neither it is the most ef�cient way,

of solving the differential equations. Differential Algebraic Equations solvers are

remarkable, they advance the solution [ �qT ;qT ]Tt ! [ �qT ;qT ]Tt+1, as they estimate

the derivatives [ ¤qT ; �qT ]Tt+1 at the same time.

As far as we can track, Differential Algebraic Equations (DAE) are new to com-

puter graphics. In this section we would like to give a gentle introduction to DAE.

For thorough discussion and associated theory we would like to refer to [BCP96].

DAE solvers work on the system of differential equations in its most implicit form.

Consider the following DAE of degree one.

F(y; �y; t) = 0 (1.3)

The implicit function F in differential variables y and free variable t may be non-

linear and �stiff�. Let the set fy; �ygt be the solution of the DAE, i.e. it satis�es
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equation 1.3 at time t. Then the DAE solvers use an extrapolation method, e.g.

Backward Difference Formula (BDF) of an appropriate order, to extrapolate the

solution to y1
t+1 and while making a numerical estimate of the derivative �y1

t+1.

The estimates y1
t+1; �y1

t+1 typically would not satisfy equation 1.3. The solver then

successively corrects the solution and associated derivative estimate by number

of Newton-Raphson iterations. Let the residue associated with the estimate of kth

iteration be

rsk
t+1 = F(yk

t+1; �yk
t+1; t +1) (1.4)

The Newton-Rapson iteration takes the following form

yk+1
t+1 = yk

t+1�
¶F

¶y

�1

rsk
t+1

�yk+1
t+1 = (yk+1

t+1 �yt)=4t (1.5)

Thus, in order to use DAE integrator such as DASPK [BCP96], one has to provide

the integrator with a residual function rs that computes the residue from the esti-

mates of the solution the integrator provides. One may also provide the Jacobian

of the residue function ¶F=¶y, or optionally the integrator can compute the Jaco-

bian numerically. The highlight of the solution method is � the residue function

rs and the Jacobian ¶F=¶y are often simple to evaluate. In the next section, we

formulate a fully recursive method to evaluate the residual function for solution

of a �sitff� multi-body system.

1.3.3 Recursive Residual Formulation

To describe the dynamics of the multi-body system, we use Spatial Algebra and

associated notation developed by [Fea87]. Consider a serial branched multi-body

system (MBS) having n links connected by n single DOF joints as shown in Fig-

ure 1.2. There are no loops in the kinematic chain.

The base link is denoted by link0 and is typically constrained to a motion path.

The other links are numbered in a breadth �rst manner. The velocity �v j, the ac-

celeration �a j and the inertia matrix �I j of link j are de�ned in the frame �F j, which

is rigidly attached to the link’s principal inertia axis. The joint variable q j de�nes

the spatial transformation �Xj that transforms the spatial quantities de�ned in the
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Figure 1.2: Strand as multi-body system

parent’s frame �Fi to the frame �F j of link j. The derivatives of joint variables �q j and

¤q j relate the velocity and acceleration of the parent to the velocity and acceleration

of linki via the spatial joint axis �si.

�v j = �Xj �vi + �s j �q j

�a j = �Xj �ai + �s j ¤q j + �v j �� �s j �q j (1.6)

The set of joint variables qt and their derivative �qt forms the system state vector

yt = [ �qT ;qT ]Tt , at time t. We would like to solve the forward dynamical prob-

lem � given the base velocity �v0 and the base acceleration �a0, integrate the state

from yt to yt+1. In what follows we will develop a recursive residual formulation

based on DAE methodology discussed in the previous section. The discussion is

rather a free physical interpretation, for the rigorous proof refer to [RJFdJ04]. The

procedure is surprisingly simple as compared to the traditional methods such as

Articulated Body Method [Fea87], where one computes the state derivative �yt+1

explicitly.

The solution set fyt ; �ytg at time t forms the input to the DAE integrator. As high-

lighted in the previous section, the integrator then estimates the new state yk
t+1, and

it’s derivative �yk
t+1 in succession. It is our responsibility to compute the associated

residue rst+1(y
k; �yk). Given �v0 and �a0, we �rst compute the spatial velocities �v j

and spatial accelerations �a j for each link link j, j = 1::n using forward kinematic

relation, equation 1.6.

The residue associated with accelerations can be computed using the force balance

condition. Starting with the outer most link linkn, the forces acting on linkn are
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spatial body force �In �an, combined spatial centripetal and Coriolis force �vn �� �In �vn,

external spatial force �fn. The force balance equation for the spatial forces is

�rsn = �In �an + �vn �� �In �vn � �fn (1.7)

We still have to relate the force residue �rsn which is a spatial vector to the residue

in joint acceleration which is a scalar. We project the force residue on to the joint’s

motion sub-space de�ned by the spatial joint axis �sn.

rsn = �sS
n �rsn�Qn (1.8)

where, �sS
n is spatial transpose of the joint axis and Qn is scalar joint actuation force

associated with the stiffness model. The force residue projected on the joint’s

motion space rsn vanishes when the estimated state and derivative vector is the

solution of DAE.

For simplicity, �rst consider a multi-body system with no branches. Thus, the

only parent of linkn would be linkn�1. In computing the force balance equation

for linkn�1, along with all the obvious forces described for linkn, we need to add

the residual force from linkn that gets applied via the jointn. In order to do that,

we need to transform the force residue �rsn into the frame of linkn�1, using inverse

transformation matrix �X
�1
n . The resulting force balance equation for linkn�1 is

�rsn�1 = �In�1 �an�1 + �vn�1 �� �In�1 �vn�1 � �fn�1

+ �X
�1
n �rsn

rsn�1 = �ss
n�1 �rsn�1�Qn�1 (1.9)

We repeat this process for each linki till we reach the �rst link link1. The residue

associated with the joint velocities is trivially the difference in joint velocities

�qk�
i � �qk

i , where �qk
i belongs to yk and �qk�

i belongs to �yk.

Algorithm 1 lists the fully-recursive algorithm for computing the residue, for a

general multi-body system that have branches.

It is possible to compute the analytic Jacobians for the recursive residue formula-

tion [RJFdJ04]. Alternatively, we can let the DAE solver compute the Jacobians

numerically. We particularly commend the ef�cient and �smart� evaluations of

Jacobians in DASPK, the DAE solver we used for the implementation. The solver
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uses modi�ed Newton-Rapson iteration, where the Jacobians are evaluated only

when the solver observes a large change in the system’s state. In practice, we

found that the numerical evaluation of Jacobians is not only adequate, but also

versatile. Thus, we can implement any complex stiffness model and associate

general external �elds to the multi-body system, as discussed in Section 1.3.6. It

may not be possible to evaluate analytic Jacobians for these.

Algorithm 1 rest+1(y
k; �yk; �v0; �a0)

Require: yk =

�
qk

�qk

�

; �yk =

�
�qk�

¤qk

�

1: n dim(q)
2: for j = 1 to n do

3: i parent(link j)
4: �v j �Xj �vi + �s j �q j

5: �a j �Xj �ai + �s j ¤q j + �v j �� �s j �q j

6: end for

7:

8: �rs �0 2R
6n

9: rs 0 2R
n

10: for i = n to 1 do

11: �rsi �Ii �ai + �vi �� �Ii �vi � �fi

12: for all j child(linki) do

13: �rsi �rsi + �X
�1
j �rs j

14: end for

15: rsi �ss
i �rsi�Qi

16: end for

17:

18: return

�
�qk�� �qk

rs

�

1.3.4 Analytic Constraints

The base joint in the multi-body system in Figure 1.2 is typically constrained

to some prescribed motion path. In practice, we would want to impose some

additional constraints on the system, e.g. constraining a point on some other link

to a motion path, or constraining a joint to an animated value in time. These
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constraints are transient in nature and often introduce cyclic dependancy in the

system. Thus they are treated as external constraints, as opposed to de�ning them

implicitly as part of reduced coordinate formulation.

Initially, we enthusiastically tried the DAE’s natural way of de�ning constraints

via algebraic slack variables. The general form of a DAE with algebraic con-

straints is

F(y; �y;x; t) = 0 (1.10)

where x is the set of algebraic variables. For each constraint, we formulated a

scalar valued constraint function fi(y; �y; t) and inserted an algebraic variable asso-

ciated with the residue corresponding to the constraint condition x� fi(y; �y; t) = 0

into the DAE. However, we soon abandoned this line of thinking for the following

reasons

� The constraints are transient in nature. We either have to adjust the dimen-

sion of algebraic variables x according to the number of active constraints,

or represent all the possible constraints and activate or deactivate them al-

gebraically.

� We found the DAE solver’s convergence rate deteriorates rapidly with each

additional algebraic constraint. Further, if the constraint can not be satis�ed,

the integrator does not converge.

� The algebraic constraints can only represent bilateral constraints. The con-

straints arising from collisions are unilateral. We would have to extend our

scope to Differential Variational Inequalities [PS03], which are extension

of DAE that handle inequality constraints on differential and algebraic vari-

ables.

Instead, we augment the DAE based multi-body formulation inspired by method-

ologies proposed by [Mir96] and recently by [Kok04] on impulse dynamics and

analytical constraints. We would like to give a brief overview of the methodology,

along with the details on how we integrate it with the DAE framework and some

interesting implementation issues.

Consider a point constraint p j as depicted in Figure 1.3. The trajectory of p j,

starting with the initial conditions, can be uniquely de�ned by the time varying

acceleration ad
j n j. As discussed in the previous section, we do not directly eval-

uate the state derivative vectors �yt+1 in order to integrate the system yt ! yt+1.
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Figure 1.3: Constraints

Therefore, we can not simply enforce the acceleration constraint, by directly alter-

ing the state derivatives �yt+1 as proposed by Kokkevis. We enforce the constraint

by applying an external force instead. However, we don’t use a penalty like force

formulation. Before every DAE integration step, we analytically determine the

precise nature of the force f jn j, using the similar methodology as in [Kok04].

The unit constraint direction n j is treated as constant and is updated for every in-

tegration step. There is a linear relationship between the magnitude of the applied

force f j and the resulting desired acceleration ad
j

ad
j =

¶a j

¶ f j
f j +a0

j (1.11)

where, a0
j is the acceleration in the direction n j before the force is applied. If we

have another constraint point pi with force having magnitude fi in the direction ni,

the resulting accelerations ad
i and ad

j will be given by the following linear system

�
ad

i

ad
j

�

=

�
¶ai=¶ fi ¶ai=¶ f j

¶a j=¶ fi ¶a j=¶ f j

��
fi
f j

�

+

�
a0

i

a0
j

�

(1.12)

Generalizing, for m such constraints we need to determine the vector of f 2 R
m

unknown force magnitudes by solving the following linear system.

Kf+a0

| {z }

a

�ad = 0 (1.13)

The Jacobian K 2R
m�m can be evaluated by applying unit test force at each con-

straint and evaluating the changes in accelerations at every constraint. An ef�cient
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procedure to evaluate the Jacobian using the framework of Featherstone’s Artic-

ulated Body Method is given in [Kok04]. The constraint forces thus determined

are applied to the multi-body system over the next integration step via the external

force term �f, as discussed in the previous section.

We replace the constraint direction n by a spatial vector �n to generalize the type of

the constraint that can be represented, including the joint acceleration constraint.

We further extend the constraint system to include the unilateral constraints such

as collisions, friction and joint limits by posing it as a Linear Complementarity

Problem (LCP).

Kf+a0

| {z }

a

�ad � 0 , f� 0 (1.14)

The LCP states that forces f, applied only in positive constraint direction, would

strive to make the resulting constraint accelerations a equal to desired acceleration

ad . However, force fi will be zero if the resulting constraint acceleration ai is

greater than desired acceleration ad
i . We will discuss the signi�cance of the LCP

formulation when we develop the collision response model in the next section.

At �rst, the solution of a LCP might appear as a daunting task. However, the

iterative LCP methods [CPS92] are surprisingly simple and adequate for our pur-

pose. [Ken04] gives a gentle introduction to the solution methods based on vari-

ous matrix splitting techniques. Apart from the simplicity of the implementation,

the iterative LCP solvers have other advantages as compared to pivoting meth-

ods. As we will discuss in the next section, we often need to apply multiple

constraints on a single link. In this case, the Jacobian K will have linearly depen-

dent columns. The iterative methods try to distribute the required forces evenly on

the link, when multiple solutions exists in this case. Secondly, the LCP may not

have a solution. The LCP problems arising from friction models are often non-

convex [Bar92, PT96], particularly for high friction values. Further, the Jacobian

can be singular or near singular if the limited DOFs of multi-body system does

not allow motion in a constraint directions. In all these cases, we can bailout early

in the solution process and still have a �nite and a well distributed solution for the

forces.

We list an iterative LCP solver in Algorithm 2. Apart from the lines 14 and 12 it

is a standard successive-over-relaxation linear system solver. Line 14 ensures the

inequality condition. We add e to the diagonal term in line 12 to make A positive

de�nite, from potentially positive semi-de�nite, and guard against potentially zero
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Algorithm 2 sor lcp(A;x;b;w;e;Kiter)

Require: A is symmetric, positive semi-de�nite

Ensure: w� Ax�b � 0; x� 0; xT w = 0

1: x 0

2: n dim(x)
3: for k = 1 to Kiter do

4: for i = 1 to n do

5: d  0

6: for j = 1 to i�1 do

7: d = d +Ai; j x j

8: end for

9: for j = i+1 to n do

10: d = d +Ai; j x j

11: end for

12: d = (bi�d )=(Ai;i + e)
13: xi = (1�w)xi +wd
14: xi = 0 if xi < 0

15: end for

16: end for
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or near zero diagonal terms in the Jacobian K. Further, instead of any elaborate

convergence check, we simply make �xed number of iterations Kiter, as we know

that the solution may not exist. Using forces for enforcing the constraints has

an advantage here. If the forces are indeterminate, they get projected into the

multi-body’s motion null-space, thus always giving valid con�guration, without

any �pops� in the simulation. Further, as the forces are determined analytically, as

compared to, say, penalty based formulation, they are small for most types of the

constraints. Thus they are well within the stability zone of the integrator taking 4-

8 time-steps per frame. The only exception to this is velocity impulse constraint,

we will discuss this case in detail in the next section. As the constraint may not

be satis�ed accurately, we augment the constraint acceleration by a proportional-

derivative form. To exemplify, for a positional constraint, the constraint desired

acceleration and the constraint direction be

ad
i = ¤pd

i + Kp(p
d
i �pi)+ Kd( �pd

i �vi)

ad
i =kad

i k; ni = ad
i =ad

i (1.15)

where, ¤pd
i ; �pd

i ;p
d
i are acceleration, velocity and position of the constraint path, and

pi;vi are the current position and velocity of the constraint.

It is important to remove the effect of the constraint forces applied to multi-body

system from the previous integration step, and adjust the initial constraint accel-

erations �a0 accordingly, before we determine the next set of constraint forces. We

can use the same procedure that determines the Jacobian K by method of applying

test forces for this.

1.3.5 Collision Response

We use the unilateral position constraints discussed in the previous section to de-

velop collision response model for the multi-body system. Collision Detection is

a mature subject in computer graphics. For brevity, we only enlist the require-

ments from the collision detection system for our purpose. Between the current

con�guration given by the state vector yt and extrapolated con�guration using

derivative vector �yt and next integration time step h, we �nd all the points on the

multi-body system that would collide with the obstacles. Figure 1.4 shows two

such collision positions � point pi is already penetrated the obstacle and point p j

is about to collide. There may be more than one colliding point for a link. Let ni
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Figure 1.4: Collision as unilateral constraints

be the collision normal, direction directly away from the obstacle, and ai and vi

be collision accelerations and velocities respectively, relative to the obstacle.

We apply collision response in two steps � contacts and impacts. We �rst compute

the unilateral constraints that would prevent collision points from accelerating

towards the obstacle. Followed by computation of velocity impulses that would

prevent collision points from moving towards the obstacle.

contacts: We decompose the collision acceleration and the collision velocity into

the normal components ani;vni and tangential components ati;vti. To prevent any

acceleration towards the obstacle, we insert a unilateral constraint along the col-

lision normal direction ni. The unilateral constraint corresponding to the friction

acts in the tangent plane de�ned by the collision normal. We could sample the

tangent plane into discrete set of tangents to formulate a complex and numerically

expensive friction model based of the discrete frictional cone. Instead, taking

inputs from [Kok04], we formulate a novel technique as follows. We set the uni-

lateral constraint direction corresponding to friction as

ti = unit( ati +vti=h ) (1.16)

If both ati and vti is zero, we use previously determined tangent vector for the con-

tact. Finally, the LCP formulation corresponding to the two unilateral constraints

in the direction ni and ti at collision position pi is

ani�ad
ni � 0 , fni � 0

mi fni� fti � 0 , li � 0

(ati�ad
ti)+li � 0 , fti � 0 (1.17)
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We set the desired normal acceleration ad
ni proportional to the penetration depth di

if the point is penetrating, see equation 1.15, or zero if the collision point is outside

the obstacle. The desired tangential acceleration ad
ti is set to (� kvti k =h). The

LCP formulation will compute required amount of normal force fni to remove the

normal acceleration ani. The tangential force fti will be at most mi fni, and try to

remove any tangential non-zero velocity component � the dynamic friction case,

or if the tangential velocity is zero it will try to remove any tangential acceleration

� the static friction case.

impacts: We use impulses to arrest the collision normal velocity vni. Only those

contacts are considered that have the normal velocity component vni < 0. For the

impulse computations we can use the same acceleration constraints discussed in

the previous section by setting ad
ni =�(1+n)vni, where n is collision restitution.

Instead of applying potentially large forces, we alter the joint velocities �qt . This

would invalidate the consistent solution set fyt ; �ytg. We should correct ¤q corre-

spondingly. In reality, we found that the solver is tolerant to the error.

1.3.6 Implementation Details

Having developed the theoretical framework in the last three sections, in this sec-

tion we would like to give a brief overview of the Oriented Strands system mod-

eled as dynamics of multi-body system. It is implemented as a plug-in to Maya,

as well as plug-in to our proprietary animation system. We use DASPK [BCP96]

for our implementation.

Along with the robust formulation, any physically based simulation system to be

successful in production environment needs to have an important aspect � to be

able to art direct. In the following subsections, we develop some novel concepts

towards that, along with few important implementation details. In our opinion,

choice of reduced coordinate formulation and dynamics expressed in local frames

makes some of these concept easier to implement.

1.3.7 Simulation Parameters and Work�ow

The dynamic strand is composed from a hierarchy of input curves de�ned in a

local frame, that de�nes the initial rest shape of the corresponding multi-body
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system. We provide the user with high-level control over the direct numerical

simulation by means of relevant physical parameters of the dynamic strand, such

as mass per unit length, strand radius, bend stiffness/damping, torsional stiff-

ness/damping, gravity, air drag. The user can animate all the parameters and

specify their length-wise anisotropic variation. The collision parameters collision

restitution and static/dynamic friction are de�ned per obstacle surface. The strand

may have additional anisotropic weights over collision parameters, along with

their length-wise variation.

1.3.8 Stiffness Model and External Forces

In Section 1.3.3, while developing the DAE based formulation, we assumed single-

DOF joints for the simplicity of discussion. However, we use three-DOF spher-

ical joint in the implementation of Oriented Strands. The joint variable of ith

joint is expressed as a quaternion qi 2 R
4 and the joint velocity as a vector

wi 2R
3. [Had03, Fea87] gives details on how to formulate multiple-DOF joints.

We decompose the quaternion de�ning the relative transformation between two

links into a twist component qt around the local y-axis and a pure bend component

qb around a bend axis b. We provide a nonlinear stiffness model as follows

Qb = Kb(b) b tan((qb�q 0
b )=2)

Qt = Kt y tan((qt�q 0
t )=2) (1.18)

where q 0
b and q 0

t correspond to the rest con�guration. Kt is torsional stiffness

coef�cient and Kb(b) is anisotropic bend stiffness coef�cient. The response model

is almost linear for small deformations. However, the non-linear response prevents

excessive deformations and potentially joints snapping.

We support general external force �elds using the plug-in architecture of Maya

and that of our proprietary animation system. The user can attach any complex

combination of time-varying �elds such as wake, turbulence, �uid simulations and

general event driven scripted force �elds. The user can further specify length-wise

anisotropic weights for the external force �elds. The user can optionally include

these �elds in computing the Jacobians numerically discussed in Section 1.3.3.
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1.3.9 Accurate Acceleration of Base Joint

In the reduced coordinate formulation it is critical to compute and supply the

accurate velocities and accelerations of the base joint’s prescribed motion path.

We could have evaluated them numerically, however that would mean making

repetitive evaluations of motion system at sub-frame interval, which is typically

very expensive. Instead we interpolate the rigid-body transformation from four

successive frames. Constructing a C2 continuous curve that interpolates a number

of prescribed rotations is a well studied problem. We use the method developed

by [PK96], where we construct a piecewise cubic curve whose coef�cients ai;bi;ci

are members of so(3). The rotation is evaluated by taking the matrix exponential

of this polynomial.

1.3.10 Time Scale and Local Dynamics

Often the dynamical simulation are encountered with very extreme and brisk an-

imated motions. Although a robust formulations will be able to cope with the

scenario, often the directors would want the motion to be selectively less violent.

We introduce time scale b to control the amount of energy pumped in the system.

It is a factor by which velocity and acceleration of the base joint get scaled and

is typically between zero and one, however the user can set it more than one to

accentuate the motion. The local dynamics g is another similar parameter which

blends out velocity and acceleration of some local dynamics reference frame.

�a0 = b (�a0� g �are f )

�v0 = b (�v0� g �vre f ) (1.19)

One scenario that is frequent is, a braid or long hair that �y away when character

starts running or rides a horse. The local dynamics reference frame is simply set

to the character’s hip joint, and with appropriate local dynamics parameter one

can control the amount of �yaway the user wants.

1.3.11 Posable Dynamics

Ears and tail, often have free secondary dynamic motion when the animator lets

them �loose�. However, animator would want to hit a certain pose at a certain time
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to make the character expressive. We tried different techniques that are based

on the motion control principle. However, it did not give desired results. For

high values of Kp and Kd in the PID controller (Equation 1.15), the constraint

follows the goal rather exactly. If we reduce Kp and Kd , due to slew rate, the

PID controller gave a large error in achieving pose and the solution oscillated a

lot before coming to rest to the animated pose. Surprisingly a very simple model

worked for this speci�c application. We insert a spring between the dynamic

strand and the desired animated pose at tip of each segment, to give a penalty

based �soft� constraint. The user can animate the stiffness and damping, namely

pose strength and pose damping to achieve the Posable Dynamics.

1.3.12 Zero-gravity Rest Shape

The rest shapes of the dynamic strands are typically modeled taking the gravity

into account. Intricate hairstyle is a good example of this. Unfortunately, when we

start simulating hair, the strands would sag under the gravity before they �nally

settles down. This would change the original art directed hair shape depending

on the stiffness. Increasing the stiffness to preserve the shape would give unre-

alistic motion. One can go back and try to edit the rest shape so as to achieve

desired shape under gravity. However, this would be very laborious and iterative

process. We developed a technique to automatically compute the equivalent rest

shape, without gravity, so that under gravity we would get the desired shape. The

problem is a straight forward inverse dynamics problem in robotics. Given a set

of external forces (gravity) and given the desired con�guration of multi-body sys-

tem, inverse dynamics problem �nds set of joint forces required to achieve certain

joint accelerations, zero in our case. We refer to [Fea87] for the details. We would

like to highlight that it would be dif�cult to formulate this in the case of maximal

coordinate formulation.

1.3.13 Strand-strand Interaction

Strand-strand interaction is not important in some simulation scenarios such as

foliage motion, braids and ears, whereas it is critical in certain cases such hair

simulation. We have implemented a modular plug-in �eld to Maya that computes

the �uid like forces on a continuum, that can be attached to the Oriented Strands

system to realize the strand-strand interactions as introduced by [HMT01b]. The
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other interesting approaches to handle strand-strand interactions include wisp level

interactions [PCP01b, BKCN03b], layers [LK01b] and strips [CJY02b].

We demonstrate the effectiveness of the proposed Oriented Strand methodology,

through impressive results in production of Madagascar and Shrek The Third at

PDI/DreamWorks, in Section 5.1.

1.4 Super-Helices: a compact model for thin geometry

Figure 1.5: Left, a Super-Helix. Middle and right, dynamic simulation of natural

hair of various types: wavy, curly, straight. These hairstyles were animated using

N = 5 helical elements per guide strand.

The Super-Helix model is a novel mechanical model for hair, dedicated to the ac-

curate simulation of hair dynamics. In the spirit of work by Marschner et al. in the

�eld of hair rendering [MJC+03a], we rely on the structural and mechanical fea-

tures of real hair to achieve realism. This leads us to use Kirchhoff equations for

dynamic rods. These equations are integrated in time thanks to a new deformable

model that we call Super-Helices: A hair strand is modeled as a C1 continuous,

piecewise helical1 rod, with an oval to circular cross section. We use the degrees

of freedom of this inextensible rod model as generalized coordinates, and derive

the equations of motion by Lagrangian mechanics. As our validations show, the

resulting model accurately captures the nonlinear behavior of hair in motion, while

ensuring both ef�ciency and robustness of the simulation.

This work was published at SIGGRAPH in 2006 [BAC+06], and results from a

collaboration with Basile Audoly, researcher in mechanics at Universite Pierre et

Marie Curie, Paris 6, France.

1A helix is a curve with constant curvatures and twist. Note that this de�nition includes straight

lines (zero curvatures and twist), so Super-Helices can be used for representing any kind of hair.
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1.4.1 The Dynamics of Super-Helices

Figure 1.6: Left, geometry of Super-Helix. Right, animating Super-Helices with

different natural curvatures and twist: a) straight, b) wavy, c) curly, d) strongly

curly. In this example, each Super-Helix is composed of 10 helical elements.

We shall �rst present the model that we used to animate individual hair strands

(guide strands). This model has a tunable number of degrees of freedom. It is

built upon the Cosserat and Kirchhoff theories of rods. In mechanical engineering

literature, a rod is de�ned as an elastic material that is effectively one dimensional:

its length is much larger than the size of its cross section.

Kinematics

We consider an inextensible rod of length L. Let s 2 [0;L] be the curvilinear

abscissa along the rod. The centerline, r(s; t), is the curve passing through the

center of mass of every cross section. This curve describes the shape of the rod at

a particular time t but it does not tell how much the rod twists around its centerline.

In order to keep track of twist, the Cosserat model introduces a material frame

ni(s; t) at every point of the centerline2. By material, we mean that the frame

‘�ows’ along with the surrounding material upon deformation. By convention, n0

is the tangent to the centerline:

r0(s; t) = n0(s; t), (1.20a)

2By convention, lowercase Latin indices such as i are used for all spatial directions and run

over i = 0;1;2 while Greek indices such as a are for spatial directions restricted to the plane of

the cross section, a = 1;2.
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while (na)a=1;2 span the plane of the cross section, see Figure 1.6, left. We use

primes to denote space derivatives along the center line, f 0 = ¶ f=¶ s, while the

overstruck notation is for time derivatives, �f = d f=dt.

The Kirchhoff model for elastic rod starts from this mathematical description of a

Cosserat curve and adds the physical requirement of inextensibility and unsheara-

bility. In this case, the frame (ni(s))i=0;1;2 is orthonormal for all s, and there exists

a vector WWW(s; t), called the Darboux vector, such that:

n0i(s; t) = WWW(s; t)�ni(s; t) for i = 0;1;2. (1.20b)

Appropriate boundary conditions must be speci�ed: one end of the hair strand,

s = 0, is clamped into the head while the other end, s = L, is free. The position of

the clamped end, together with the orientation of the initial frame, are imposed by

head motion (an input in the simulations):

�
r(0; t) = rc(t)
ni(0; t) = ni;c(t) for i = 0;1;2,

(1.20c)

where subscript ‘c’ refers to the clamped end of the rod, s = 0.

The rod’s material curvatures (ka(s; t))a=1;2 with respect to the two directions of

the cross section and the twist t(s; t) are de�ned as the coordinates of the vector

WWW(s; t) in the local material frame:

WWW(s; t) = t(s; t)n0(s; t)+k1(s; t)n1(s; t)+k2(s; t)n2(s; t). (1.21)

By introducing a redundant notation for the twist, k0 = t , we can refer to these

parameters collectively as (ki(s; t))i=0;1;2.

Reconstruction, generalized coordinates

The degrees of freedom of a Kirchhoff rod are its material curvatures and twist

(ki(s; t))i=0;1;2. A continuous model being of little use for computer animation,

we introduce a spatial discretization as follows. Let us divide the strand s 2 [O;L]
into N segments SQ indexed by Q (1�Q�N). These segments may have different

lengths, and N is an arbitrary integer, N � 1. We de�ne the material curvatures

and twist of our deformable model with piecewise constant functions over these

segments. We write qi;Q(t) the constant value of the curvature ki (for i = 1;2)
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or twist k0 = t (for i = 0) over the segment SQ at time t. Therefore, an explicit

formula for the material curvatures and twist reads

ki(s; t) = å
N

Q=1
qi;Q(t)cQ(s) (1.22)

where cQ(s) is the characteristic function of segment Q, equal to 1 if s 2 SQ and

0 otherwise. We collect the numbers qi;Q(t) into a vector q(t) of size 3N, which

we call the generalized coordinates of our model.

These generalized coordinates q(t) can be used to reconstruct the rod shape at any

given time. Indeed, plugging equation (1.22) into equation (1.21), and then equa-

tion (1.21) into equations (1.20a�c) yields a differential equation with respect to

s. By integration of this equation, one obtains the centerline r(s) and the material

frames ni(s) as a function of s and q(t). This process, called the reconstruction,

can be carried out analytically; as explained in Appendix 1.4.3, the integration

with respect to s has a symbolic solution over every segment SQ. By patching

these solutions, we �nd that our model deforms as a helix over every segment

SQ and, moreover, is C1-smooth (between adjacent helices, both the centerline

and the material frames are continuous). This is why we call this model a Super-

Helix. We write rSH(s;q) and nSH
i (s;q) as the parameterization of the Super-Helix

in terms of its generalized coordinates q. In Appendix 1.4.3, we explain how these

functions rSH and nSH
i can be obtained in symbolic form.

Imposing a uniform value to the material curvatures and twist over the hair length

would make it deform as a plain helix. This is indeed what happens when one

chooses the coarsest possible spatial discretization, that is N = 1. For other values

of N, the rod is made of several helices patched together. Large values of N yield

arbitrarily �ne space discretizations.

Dynamic equations for a Super-Helix

Given a deformable body whose con�guration depends on generalized coordinates

q(t), Lagrangian mechanics provides a systematic method for deriving its equa-

tions of motion, ¤q = a(q; �q; t). This is done by feeding the Lagrangian equations

of motion:

d

dt

�
¶T

¶ �qiQ

�

�
¶T

¶qiQ

+
¶U

¶qiQ

+
¶D

¶ �qiQ

=
Z L

0
JiQ(s;q; t) �F(s; t)ds (1.23)
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with the expressions for the kinetic energy T (q; �q; t), for the internal energy U(q; t)
and for the dissipation potential D(q; �q; t) that describe the physics of the system

at hand. The right-hand side of equation (1.23) is the generalized force fiQ de-

riving from the lineic density F(s; t) of physical force applied on the rod, and JiQ

de�nes the Jacobian matrix, JiQ = ¶rSH(s;q)=¶qiQ. We consider three force con-

tributions, namely hair weight, viscous drag from ambient air (considered at rest

for simplicity) with coef�cient n , and interaction forces with surrounding strands

and body:

F(s; t) = r Sg�n �rSH(s;q)+Fi(s; t), (1.24a)

where F(s; t) is the total external force applied to the rod per unit length, rS is the

mass of the rod per unit length, and g is the acceleration of gravity. The interaction

forces Fi are computed using the model presented shortly in Section 1.4.2.

The three energies in the equations of motion (1.23) that are relevant for an elastic

rod are:

T (q; �q; t) =
1

2

Z L

0
r S

�
�rSH(s;q)

�2
ds (1.24b)

U(q; t) =
1

2

Z L

0
å

2

i=0
(EI)i (k

SH
i (s;q)�kn

i (s))2 ds (1.24c)

D(q; �q; t) =
1

2

Z L

0
gå

2

i=0

�
�kSH
i (s;q)

�2
ds. (1.24d)

The kinetic energy T is de�ned in terms of the rod velocity, �r = dr=dt in the

classical way. The internal energy U in equation (1.24c) is the elastic energy of a

rod, as derived, for instance, in [AP07] and used in [BAQ+05]. The coef�cients

(EI)i are the principal bending stiffness of the rod in the directions ni (for i = 1;2)

while (EI)0 is the torsional stiffness, classically written m J (for i = 0). These

parameters are given by textbook formulas in terms of the material properties

(Young’s modulus and Poisson’s ratio) and of the geometry of the cross-section.

The quantities kn
i (s) are called the natural curvatures (i = 1;2) and twist (i = 0) of

the rod. They characterize the shape of the rod in the absence of external force: for

ki(s) = kn
i (s) the elastic energy is vanishing and therefore minimum. Vanishing

natural curvatures (kn
a = 0 for a = 1;2) model straight hair. Nonzero values will

result in wavy, curly or fuzzy hair. In practice, tuning these parameters allows

one to choose for the desired hair style, as explained in Section ??. Overall, the

mechanical properties of the rod are captured by only six entities, the stiffnesses

(EIi)i=0;1;2 and the natural twist and curvatures (kn
i (s))i=0;1;2. We neglect the

dependence of the stiffnesses on s, but not that of the natural twist and curvatures:
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we found that slight variations of (kn
i (s))i with s allow for more realistic hair

styles. Finally, we choose for the dissipation energy D in equation (1.24d) a simple

heuristic model for capturing visco-elastic effects in hair strands, the coef�cient g
being the internal friction coef�cient.

All the terms needed in equation (1.23) have been given in equations (1.24). By

plugging the latter into the former, one arrives at explicit equations of motion

for the generalized coordinate q(t). Although straightforward in principle, this

calculation is involved3. It can nevertheless be worked out easily using a symbolic

calculation language such as Mathematica [Wol99]: the �rst step is to implement

the reconstruction of Super-Helices as given in Appendix 1.4.3; the second step

is to work out the right-hand sides of equations (1.24), using symbolic integration

whenever necessary; the �nal step is to plug everything back into equation (1.23).

This leads to the equation of motion of a Super-Helix:

M[s;q] � ¤q+K � (q�qn) = A[t;q; �q]+
Z L

0
JiQ[s;q; t] �Fi(s; t)ds. (1.25)

In this equation, the bracket notation is used to emphasize that all functions are

given by explicit formula in terms of their arguments.

In equation (1.25), the inertia matrix M is a dense square matrix of size 3N,

which depends nonlinearly on q. The stiffness matrix K has the same size, is

diagonal, and is �lled with the bending and torsional stiffnesses of the rod. The

vector qn de�nes the rest position in generalized coordinates, and is �lled with

the natural twist or curvature kn
i of the rod over element labelled Q. Finally,

the vector A collects all remaining terms, including air drag and visco-elastic

dissipation, which are independent of ¤q and may depend nonlinearly on q and �q.

Time discretization

The equation of motion (1.25) is discrete in space but continuous in time. For

its time integration, we used a classical Newton semi-implicit scheme with �xed

time step. Both the terms ¤q and q in the left-hand side are implicited. Every

time step involves the solution of a linear system of size 3N. The matrix of this

linear system is square and dense, like M, and is different at every time step: a

3The elements of M, for instance, read MiQ;i0Q0 =
1
2

RR
JiQ(s;q) �Ji0Q0(s

0;q)dsds0 where J is the

gradient of rSH(s;q) with respect to q.
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conjugate-gradient algorithm is used. The density of M is the price to be paid for

incorporating the inextensibility constraint into the parameterization. It results in

degrees of freedom that are non local in physical space.

Super-Helices for solving the Kirchhoff equations

The equations of motion for dynamic elastic rods were derived by Kirchhoff

in 1859. A modern derivation of these equations can be found, for instance,

in [AP07]: it follows the same principles as the one for a Super-Helix. The main

difference is that we have constrained the material curvatures and twists to be

piecewise constant functions of s in equation (1.22); these functions may depend

arbitrarily on s for regular Kirchhoff rods. Apart from this difference, the Super-

Helix model is based on the same physical assumptions as the Kirchhoff equa-

tions. Therefore, the Super-Helix method provides a discrete model for solving

the Kirchhoff equations.

We derived the Super-Helix model after we extensively tested existing integra-

tion schemes for the Kirchhoff equations, and eventually realized that they were

not well suited for computer graphics applications. We implemented an elegant

algorithm, due to [HKS98], based on a discretization of these equations by �-

nite differences. In this paper, Hou et al. discuss very clearly the dif�culties

associated with the numerical integration of the Kirchhoff equations, which are

numerically very stiff. They propose an attempt for removing this stiffness. It

brings a very signi�cant improvement over previous methods but we found that it

was still insuf�cient for hair animation purposes: there remain quite strong con-

straints on the time steps compatible with numerical stability of the algorithm.

For instance, simulation of a 10 cm long naturally straight hair strand using the

algorithm given in [HKS98] remained unstable even with 200 nodes and a time

step as low as 10�5 s. The stiffness problems in nodal methods have been ana-

lyzed in depth by [BW92] who promoted the use of Lagrangian deformable mod-

els (sometimes called ‘global models’ as opposed to nodal ones). This is indeed

the approach we used above to derive the Super-Helix model, in the same spirit

as [WW90, BW92, QT96].

We list a few key features of the Super-Helix model which contribute to realis-

tic, stable and ef�cient hair simulations. All space integrations in the equations

of motion are performed symbolically off-line, leading to a quick and accurate

evaluation of the coef�cients in the equation of motion at every time step. The
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inextensibility constraint, enforced by equations (1.20a�1.20b), is incorporated

into the reconstruction process. As a result, the generalized coordinates are free

of any constraint and the stiff constraint of inextensibility has been effectively re-

moved from the equations. Moreover, the method offers a well-controlled space

discretization based on Lagrangian mechanics, leading to stable simulations even

for small N. For N! ¥, the Kirchhoff equations are recovered, making the sim-

ulations very accurate. By tuning the parameter N, one can freely choose the

best compromise between accuracy and ef�ciency, depending on the complexity

of hair motion and on the allowed computational time. We are aware of another

Lagrangian model4 used in computer graphics that provides an adjustable number

of degrees of freedom, namely the Dynamic NURBS model [QT96], studied in

the 1D case by [NR01]. Finally, external forces can have an arbitrary spatial de-

pendence and do not have to be applied at speci�c points such as nodes, thereby

facilitating the combination with the interaction model.

1.4.2 Applications and Validation

In this section, we provide a validation of our physical model against a series of

experiments on real hair, and demonstrate that the Super-Helix model accurately

simulates the motion of hair. Images and videos showing our set of results are

available at http://www-evasion.imag.fr/Publications/2006/BACQLL06/.

Choosing the parameters of the model

In our model, each Super-Helix stands for an individual hair strand placed into

a set of neighboring hair strands, called hair clump, which is assumed to deform

continuously. To simulate the motion of a given sample of hair, which can either

be a hair wisp or a full head of hair, we �rst deduce the physical and geometric

parameters of each Super-Helix from the structural and physical properties of the

hair strands composing the clump. Then, we adjust friction parameters of the

model according to the damping observed in real motion of the clump. Finally,

interactions are set up between the Super-Helices to account for contacts occurring

4In this model, geometric parameters, de�ned by the NURBS control points and the associated

weights, are used as generalized coordinates in the Lagrangian formalism. In contrast, we opt here

for mechanically-based generalized coordinates: they are the values of the material curvatures and

twist, which are the canonical unknowns of the Kirchhoff equations.
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between the different animated hair groups. In this section, we explain how we set

all the parameters of the Super-Helix model using simple experiments performed

on real hair.

Hair mass and stiffness: We set the density r to be equal to a typical value for

hair, 1:3 g � cm�3. The mean radius r and the ellipticity e = rmax

rmin
of the Super-Helix

cross-section are deduced by direct microscopic observation of real hair �bers

(see Figure 1.7, left) whereas Young’s modulus and Poisson’s ratio are taken from

existing tables, which report values for various ethnic origins [Rob02]. These pa-

rameters are then used to compute the bending and torsional stiffnesses (EI)i=0;1;2

of the Super-Helix, as given by textbook formulas.

Natural curliness: The natural curvatures and twist parameters of the Super-

Helix model are set by:

kn
1 = 1=rh kn

2 = 0 tn =
Dh

2p r2
h

,

where rh is the radius and Dh the step of the approximate helical shape of the

real hair clump, measured near the tips (see Figure 1.7, right). Indeed, the actual

curvatures and twist should be equal to their natural value at the free end of the rod,

where the role of gravity becomes negligible. In practice, we add small random

variations to these values along each Super-Helix to get more natural results. We

have noted that in reality, most hair types have an almost zero natural twist tn,

except African hair (see Appendix 1.4.4).

Internal friction g: This parameter measures the amount of internal dissipa-

tion within a Super-Helix during motion. It especially accounts for the hair-hair

dissipative interactions occurring inside the hair clump whose motion is guided

by the Super-Helix. We found that, in practice, the internal friction can be easily

adjusted by comparing the amplitude of deformation between the real and the sim-

ulated hair clump when a vertical oscillatory motion is imposed, see Figure 1.8.

Typically, we obtained best results with g 2 [5:10�10;5:10�11] kg �m3 � s�1.

Air-hair friction coef�cient: Once parameter g is chosen, the air-hair friction

parameter can be �tted by comparing the damping duration between the real and
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Figure 1.7: Left, measuring the mean radius r and the ellipticity e of the model

by observation of real hair �bers with a video-microscope. Right, measuring the

radius rh and the step Dh of the natural helical shape at the tip of a real hair clump.

the simulated hair clump, for example when imposing a pendulum motion. We

noted the air-hair friction parameter is strongly related to the local alignment of

neighboring hair strands, called the hair discipline in the �eld of cosmetics. As

one can observe in the real world, fuzzy hair is more subject to air damping than

regular, disciplined hair. In practice, we chose the air-hair friction coef�cient n
between 5:10�6 kg � (m � s)�1 (disciplined hair) and 5:10�5 kg � (m � s)�1 (fuzzy

hair).

Friction with another object: Contacts between hairs, and between our hair

model and external objects (such as the body) are performed through penalty

forces which include a normal elastic response together with a tangential viscous

friction force. For simulating realistic contacts between hair and external objects,

we use an anisotropic friction force, which accounts for the oriented scales cov-

ering individual hair �bers. The friction parameter is directly adjusted from real

observations of sliding contacts between the hair clump and a given material, and

then multiplied by a cosine function to account for the orientation of hair �bers

with respect to their sliding motion over the external object.

Visual comparisons

With simulation we have reproduced a series of real experiments on smooth and

wavy hair clumps to show that our model captures the main dynamic features of
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Figure 1.8: Fitting g for a vertical oscillatory motion of a disciplined, curly hair

clump. Left, comparison between the real (top) and virtual (bottom) experiments.

Right, the span ‘A of the hair clump for real data is compared to the simulations

for different values of g . In this case, g = 1:10�10 kg �m3 � s�1 gives qualitatively

similar results.

natural hair. We used the technique presented previously to �t the parameters of

the Super Helix from the real manipulated hair clump. As shown in Figure 1.9,

left, our Super-Helix model adequately captures the typical nonlinear behavior

of hair (buckling, bending-twisting instabilities), as well as the nervousness of

curly hair when submitted to high speed motion (see Figure 1.8, left). Figure 1.9,

right, shows the fast motion of a large hair, which is realistically simulated using

3 interacting Super-Helices. All these experiments also allowed us to check the

stability of the simulation, even for high speed motion.

Finally, Figure 1.10 demonstrates that our model convincingly captures the com-

plex effects occurring in a full head of hair submitted to a high speed shaking

motion.
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Figure 1.9: Left, buckling effect caused by vertical oscillations of a hair clump.
Right, a more complex hair wisp animated with 3 interacting Super-Helices, dur-
ing fast motion.

Results and simulation performance

Figure 1.5 shows three examples of motion for a full head of hair. Different hair
types were simulated, from long to short and curly to straight. To set up our
simulations, we used typical parameter values for real hair of different ethnic ori-
gins. These parameters are given in Appendix 1.4.4. We used one hundred guide
strands for the wavy and curly hairstyles, and two hundred for the smooth Asian
hairstyle.

For all hair types, even long or curly ones, we found it to be unnecessary to use
more than 5 to 10 helical elements per guide hair strand. For higher values ofN,
the increase in accuracy becomes imperceptible.

Our model was tested on a 3 GHz Pentium 4 processor. Up to 10 strands can be
simulated in real-time. When simulating a full head of hair, we obtained a very
reasonable mean computational time of 0.3 s to 3 s per frame. The performance of
our implementation is thus as good as other recent approaches, such as [CCK05a].
This is due to the stability of the Super-Helix model, which allows time steps of
� 1=30 s, even during high speed motion, and to the high order of interpolation
provided by the helices, which helps to keepN small while offering a good accu-
racy.
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