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Implicit Data Structure

Rope Modeling

Network of particles

-Oi-1 —» -Ji —
<— (i1 <— (i

Spring force between particle i and i+1 acting
on particle i
g, = ki (Hxi+1_XiH_|0)
X0 =]

(Xi+1 B Xi)

1+1
Net force on particle i
fi=0,-0i,
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Implicit Data Structure

Systems of Dynamics Equations

For an n-particle system, we have n numbers o
f dynamics equations

‘m%, = f;
J m25<'2.= f,
m,X, = f,
Concisely, gL
m

and m:mlz...:m
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Implicit Data Structure

Implicit Euler Integration

( 2 -1 2
AV = I—h—ij (Df+h—@vj
. mox) \m m oX
AX =h(v+ Av)

af nxan
Need to evaluate a BIG Jacobian matrix — € R

OX
and solve a BIG linear system

2 2
[I —h—ijAV=(D f +h—gvj
m ox m m ox



Implicit Data Structure

Jacobian
Take a look at f

fi (i X0 %) = 93 (%, X)) — 9 (Xig 0 %)

i I G TR 0
of, o 8_f1 O, O,
axl aXz 5Xn _ % _ agl + 8g2 %
of of, o e a_f2 28 X, 0Ox, 0%
R e T N I R e £
; ; R OX, OX;  OXq
of, of, of, : : :
| OX,  OX, OX, | 0 0 0
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Implicit Data Structure

Jacobian
Since
% = G, =k b _Hx”l _XiH | — (X = X)X — %)
x K | Hxiﬂ — X H HXi+1 — X Hz
Jacobian is
- G, -G, 0 0
5 |78 &6 6 0
& =/ 0 —Gz Gz _|_G3 0
0 0 0 G,,
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Implicit Data Structure

Implicit Representation of Jacobian

Store only G;
Take a full advantage of sparsity of the Jacobian
Smallest memory footprint

Recall why we need to evaluate Jacobian?

I—h—Zq AV = h f +h—2qv
To solve m ox m m ox

We can use Conjugate Gradient method

2
e Note that is | _htat positive definite and strictly diagon

ally dominant M oXx
» Without preconditioning, CG will work fine
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Implicit Data Structure

Conjugate Gradient Method
i iteration | (070
qOT ag®
WD — @ 4, g
() _ @ _ 0 ag®

r(i+1)T r(i+1)

B0 =
OIS0
4 = p@+0 4 g0

Note that only operation related to the matrix is
Matrix-vector multiplication



Implicit Data Structure

Jacobian-Vector Multiplication

Due to the special structure of the Jacobian,
matrix-vector multiplication breaks down into
a few of 3X3 matrix-3 vector multiplications

G, -G, 0 o 0 vy | [G(v,—V,) ] 0
-G, G +G, -G, - 0]V, G, (v, —V,) Gy (v, —V,)

0 -G, GGy o 0 vy =Gy —Vy) = Gy(v, —Vs)
0 0 0 o G |IVa | L 0 116G,V —V)

Did you find a room for improvement?
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Implicit Data Structure

General 3X3 Symmetric Matrix

Naive implementation

_ Ki (I, _Hxi+l — X H) | — Ki (X1 = X) (Xiq — Xi)T

(CAY,
%2 = x| | _XiH2

i+1

Storage: 6 floating point values
Construction: 11 multiplications, 3 additions
multiplication: 9 multiplications, 6 additions
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Implicit Data Structure

Implicit Representation
G ={k,l,a,d}

where k :ki ,d =X, — X ,| :HdH = k(lol_l)

Then matrix-vector multiplication is
k(d-v)

|2
Storage: 6 floating point values
Already stored somewhere at spring force computation

Construction: nothing
multiplication: 12 multiplications, 5 additions

Gv=aVv—




Implicit Data Structure

Modified CG

2 2
To Solve (I —h—%)AV=(h f +h—§vj

, of
Given J=—
OX

h h?
Calculate b=|—f+—Jv
m m

using efficient Jacobian-vector multiplication
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Implicit Data Structure

Modified CG

(1) (1) h2 (1)
| | |
REEETOUN0) e’ =d" ——Jd
Ot(') _ m

d®" Ag® 0 OB0

|
. o'’ =

X(I+1) _ X(I) +Ot(')d(') d(l) e(l)
(D — O —a(i)Ad (i) ‘ ) — O L 5 g

r(i+1)T r(i+1) r(i+1) — r(') _ a(')e(')

() _ . :

/B r(i)Tr(i) r.(|+1) i r.(|+1)

O =
OO

d = D 4 gy



Implicit Data Structure

Cloth Modeling

Force against stretch
Linear spring in u and v directions
High stiffness
Area preserving force
Resist to skew
Moderate stiffness
Bending force

Resist to bending in u and v directions
Moderate stiffness
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Implicit Data Structure

Area Preserving Force
1)
J

u 2A|(I+1J

Xy = 2A| ( i, j+l_Xi,j—l)

g = HXUHZHXVHZ — (X, °Xv)2

a a ka(gi' _1)AI

1:|+1] - 1:i—l,j — J2 (” X, ”2 X, _(Xu ) XV)XV)
a a ka(gi' _1)AI

fi,j+1 = _fi,j—l = : (Il X, I X, — (X, %,)%,)

2



Implicit Data Structure

Bending Force in u-direction

Forallj & =—A2|””Céi””
f.2 = koAl il ~C; — S ~€,
| Ic; | I'e; |
£ =Ky All g+ g
| Ic; | I'e; |
fi,bj - figl,j - fiEl,j

where € =Xi,;—Xi1; G =Xy _2Xi,j + X
NOte that fi’bj — fiEl,j — fi_kil'j =0 ]f Ci — O

Do the same for all i to compute bending force i
n v-direction
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Implicit Data Structure

Systems of Dynamics Equations

For an nxn-particle cloth system, we have nxn
numbers of dynamics equations

( .o 4 .o ( .o

MmX,, = f11 mXx,, = f12 mX,, = fln

MX,, = 1E21 ) MX,, = fzz e MX,, = 1Ezn

Lm).(.nl — 1:nl \m)-(.nz — fn2 km).(.nn — 1:nn
Concisely, gL

m
T T T T T T 9nxl

where X=[X; = Xy X, o Xy Xy X, | €RT

and f c £R9n2><l



Implicit Data Structure

Rearrange State

X4 | 1 0 O
; Y, ; Do
X1 | 0 0 O
X150 | 0 0O O
; Y, ; S
X | 0 0O O
X1 | 0 1 O
; A ; S
Xon | 0 0O O

Xln

X21
n
an

nn




Implicit Data Structure

Separate and Rearrange Force

1:11 flli _ fl\jll. I flul ] | fl\i | I
P,
f nl f nul f nvl f nul fl\rq |
fl 2 f1u2 fl\; fll; fzvl |
f n2 f nu2 f nV2 f nu2 f 2Vn
f1n fllri fl\rll fllrJ\ fnvl |
: : . : Py
| fnn_ | 1:nun_ | 1:nvn_ | 1:nun_ | 1:nvn_ | | _




Implicit Data Structure

Huge Jacobian BUT

L
oy,
of' | 0 P,
x |, X
0 0
op;
Note that -, =Y

eveloped in riope

0
0 of ”
: OX
P,
oY,
9
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0

0

oa,
oz

n

5, ~ Vi are same to the Jacobian d

modeling

IT'=TIT" since 11 is a permutation matrix

Our cloth model is equivalent to 2n threads weaved h
orizontally and vertically



Implicit Data Structure

Jacobian-Vector Multiplication

Permute v first v =I1v

Then - - -
Ulvl VlVl
v = U,v, 117 \AZ

_U nVn ] _ann ]

Same to independent Jacobian-vector multipli
cations for each thread

Note that multiplying IT' is an inverse permu
tation operation



